Abstract-This paper presents a real time optimization scheme for a solar powered direct contact membrane distillation (DCMD) water desalination system. The sun and weather conditions vary and are inconsistent throughout the day. Therefore, the solar powered DCMD feed inlet temperature is never constant, which influences the distilled water flux. The problem of DCMD process optimization has not been studied enough. In this work, the response of the process under various feed inlet temperatures is investigated, which demonstrates the need for an optimal controller. To address this issue, we propose a multivariable Newton-based extremum seeking controller which optimizes the inlet feed and permeate mass flow rates as the feed inlet temperature varies. Results are presented and discussed for a realistic temperature profile.
I. INTRODUCTION
Membrane distillation (MD) is a thermal separation technique driven by a vapor pressure difference across a hydrophobic membrane. In this process, a hot feed stream is passed along one side of a porous hydrophobic membrane. Water vapor is then transferred through the membrane to the other cooler (permeate) side. The vapor then condenses at the membrane-permeate interface and clean water is produced.
MD has emerged as a sustainable water desalination technique, which offers several advantages over conventional desalination methods. In contrast to reverse osmosis, MD operates at a lower water pressure, hence is less susceptible to scaling and membrane fouling. Moreover, MD water desalination can be integrated with renewable and waste energy sources, since the feed water is not heated up to boiling temperature [1] . All of these features reduce the capital and operational cost of the MD process. Over the years, new MD configurations and membrane material were the main area of research [2] . However, very limited work has been done in terms of process control and optimization [3] , [4] .
As it is well known, the objective is always to operate any process at optimal settings, which reduces the operational costs and guaranties the performance and stability of the system. This is true for the solar-powered MD water desalination, where the objective is to maximize the water production and reduce the energy consumption at the same time through the manipulation of the feed and permeate inlet mass flow rates.
In terms of process optimization, the work in [4] developed a neural network model, which was used to calculate optimal Ayman Karam ayman.karam@kaust.edu.sa, taousmeriem.laleg@kaust.edu.sa feed-forward gains for solar powered MD. However, when coupling the MD with renewable energy, it is important to consider the unsteady nature of the energy source. Therefore, a real time optimal control would be more suitable. The MD water desalination process can be farther explored and a better overall system performance can be achieved.
Several optimal control schemes have been reported in the literature. For instance, model predictive control (MPC) [5] , [6] requires full knowledge of the plant model and the objective function. Moreover, MPC for nonlinear system is still challenging and computationally expensive. On the other hand, extremum seeking is another adaptive optimal controller which is finds and tracks the peak of the referenceto-output map in real time without knowledge of either the system model or the objective function. Moreover, ES controller are generally computationally efficient.
In this paper, we present a real time multivariable optimal controller for a solar powered direct contact membrane distillation (DCMD) using the Newton-based extremum seeking (ES) method. This controller takes into account the varying feed inlet temperature, due to the dynamic nature of the sun. Moreover, since ES is non-model based, the controller design is robust against plant-model mismatch. This important since the results obtained in simulation should be applicable to experimental validation.
Stability of a feedback ES controller was proved for a general nonlinear systems in [7] . This scheme approximated the gradient of the input-to-output map and tracked its peak in real time. Based on the so called gradient-based ES, successful applications followed the proof across many fields [8] , [9] . For instance, in [9] , ES was applied to obtain maximum power point tracking for a photovoltaic (PV) array. However, the convergence of the gradient-based ES schemes depended on an unknown Hessian matrix, which resulted in different convergence speeds for multi-input optimization problems. Therefore, in [10] a Newton-based ES was introduced for a general MIMO system, where an estimate of the inverse of the Hessian is dynamically obtained. This allowed for the convergence rate to be user assigned and independent of the Hessian. The Newton-based ES was experimentally implemented for power optimization of a solar PV array [11] , which demonstrated the superiority of the Newton-based ES over the gradient-based ES scheme. Therefore, for this work, the multivariable Newton-based ES was selected for the optimization of the solar powered DCMD water desalination.
The dynamic model of heat and mass transfer in the DCMD process along with the solar powered DCMD optimal control problem formulation is presented in Section II. Although ES is non-model based technique, the dynamic model is of DCMD is presented here to demonstrate the method and carry out simulations. Then, the multivariable Newton-based ES method is briefly summarized in Section III. Simulation results are presented and discussed in Section IV. Conclusions are then drawn in Section V.
II. SOLAR POWERED DCMD
We will first focus on the DCMD module. In this configuration, hot water passes along the hydrophobic membrane from one side, called the feed, and cold water flows in the counter direction along the other side, which is called the permeate. Water vapor is driven from the feed side across the membrane and into the permeate side by the induced vapor pressure difference. Both heat and mass transfer processes occur simultaneously as water evaporates at the feed-membrane interface and condenses at the permeatemembrane interface. As a result, the temperature at the membrane boundary layers differs from the bulk temperature of the feed and permeate streams. The DCMD module can be divided into N control volume cells, each cell has a uniform bulk temperatures (T bfn , T bpn ) except at the boundary layers where the temperatures are (T mfn , T mpn ), as shown in Fig.1 for the n th cell. A summarized presentation of the mass and heat transfer model is in the following subsections.
A. Mass transfer in DCMD
The transport phenomena is described by the classic gas permeation and heat transfer theories. The mass flux (J) in DCMD is related to the saturated vapor pressure difference across the membrane (ΔP ) through the membrane mass transfer coefficient (B m ) as follows [12] 
The saturated vapor pressure of pure water (P sat w [T ] ) as a function of temperature is given by the Antoine equation [13] :
Dissolved salt in the feed stream reduces the saturated vapor pressure. Therefore, to compensate for this the following relation was proposed in [13] :
where x NaCl is the mole fraction of NaCl in the feed stream. However, the permeate and the saturated vapor at the membrane-permeate interface is pure water. Thus,
B. Heat Transfer in DCMD
Heat transfer in DCMD is spatially and temporally distributed phenomena. In our previous work, a dynamical model, based on electrical analogy to thermal systems, was proposed and experimentally validated in both transient and steady-state response. The reader is referred to [14] , [15] for full details on this model. The resultant model is a system of differential-algebraic equations (DAE) or a descriptor system.
The electrical analog circuit for the DCMD module is shown in Fig. 2 . By applying the electrical laws (KCL and KVL) on the analogue circuit for DCMD, as seen in Fig. 2 , the following equations are obtained:
At the feed side, the rate of change of the heat transfer rate from the n − 1 cell to the n th cell is proportional to the temperature difference between them. Taking into consideration the series impedance Z f n , this is expressed as
Using Kirchoff's current law at the n th feed node, it follows that the rate of change for the bulk feed temperature (T bfn ) is
where (4) describes the dynamics of the heat transfer rates into and out of the n th feed cell (Q fn and Q fn+1 respectively).
Similarly for the permeate side, the rate of change of the heat transfer rate (Q pn ) is
and the dynamics of the bulk permeate temperature (T bpn ) is The coupling between the feed and the permeate dynamics in the n th cell is written in residue form as
The outlet temperatures at the terminal cells of the feed and permeate analogue are also given by the algebraic equations, which are respectively
The heat and mass transfer equations (4)- (11) represent a nonlinear differential-algebraic system. When considering N number of interconnected cells, the resultant equations can be expressed as a nonlinear descriptor system of the form
where X ∈ IR 6N+4 represents the differential and algebraic states,Ẋ refers to the time derivative of the state vector, E ∈ IR 6N+4×6N+4 is a singular matrix, F X(t), u(t) is a nonlinear function of the states and input, u(t) = [M fin , M pin ] represents the inlet feed and permeate mass flow rates respectively, the distilled water flux J is also given by a nonlinear function of the state g(X).
Thus far, the dynamical model of DCMD has been presented. We can now consider the complete setup of the solar powered DCMD water desalination system. This will be discussed in the next subsection.
C. Optimal control problem of solar powered DCMD
The solar powered DCMD water desalination setup is composed of a solar thermal collector connected a storage tank and a heat exchanger. The feed water is circulated from the feed tank through the heat exchanger to DCMD module and back to the feed tank. The permeate is pumped from a fresh water tank into the DCMD module, where it collects the distilled water flux and flow back into the fresh water tank. The setup is depicted in Fig. 3 , where the control inputs are the mass flow rates of feed and permeate sides. It is clear that the feed inlet temperature (T fin ) will vary according to the solar radiation throughout the day, which affects the distilled water flux. Optimal control strategy is needed to ensure the efficiency of the process under disturbed operating conditions. One way to optimize the process is by maximizing the following objective function Y, which minimizes the feed/permeate inlet mass flow rates and maximizes the distilled water flux (J):
Fig . 4 shows the response of the DCMD process under various feed inlet temperatures and feed inlet mass flow rates. In this simulation, the permeate inlet mass flow rate was kept constant at 256 Kg/hr, while the feed inlet mass flow rate was increased from 90 Kg/hr to 375 Kg/hr. This was repeated for 5 feed inlet temperatures. As demonstrated in the figure, increasing the feed inlet temperature increased the distilled water flux. While increasing the feed inlet mass flow rate increases the flux, the flux reaches saturation values at high feed inlet mass flow rates. This behavior provokes the following question: What is the optimal feed/permeate flow rate for a given feed inlet temperature?
It is shown in Fig. 5 that equation (14) has a maximum that varies for different feed inlet temperature. Similar characteristics for the objective function with respect to the inlet permeate mass flow rate. Therefore, the controller is required to automatically track the peak of the objective function by manipulating the inlet feed and permeate mass flow rates. In the next section, the basic concept of the multivariable extremum seeking will be briefly presented.
III. MULTIVARAIBLE EXTREMUM SEEKING FOR REAL TIME OPTIMIZATION
Extremum seeking is a real time optimization method, which is particularly useful to keep the reference-to-output map at its extremum (maximum or minimum). This extremum might shift with the process parameters or under disturbance influence and it's the job of ES controller to track the extremum online as it shifts. Newton-based multivariable ES relies on sinusoidal perturbation signals to estimate the gradient and the Hessian of the objective function by using low and high pass filters.
As it has been shown in the previous section, the objective function has a (T fin ) dependent peak. Therefore, the following can be assumed: 
Assumption 1: There exists
Suppose that the control input is given by u = β(X, θ), which is a smooth function of the states and the parameters
T , where θ 1 , θ 2 are the inlet mass flow rates for the feed and permeate sides respectively. Then, the closed loop system is given by EẊ = F X, β(X, θ) . The objective of the ES controller is to maximize the value of Y. The block diagram of the Newton-based ES is shown in Fig.6 , where K n is a positive diagonal matrix, and the perturbation matrices L(t) ∈ IR 2×1 , Ω(t) ∈ IR 2×2 , and ϕ(t) ∈ IR
2×1
are defined as 
where ω i = ω k and such that ω i /ω k is a rational number, and c 1 , c 2 are real positive numbers. The cut-off frequencies for the low and high pass filters , ω l and ω h respectively, are designed appropriately according to this recommendation This design derives an estimate of the gradient vectorĜ and the Hessian by adding the perturbation signal ϕ(t) to the estimated optimal inputθ. The estimate of the Hessian matrix is inverted by the dynamical system given in (24) to avoid difficulties of algebraically invertingĤ when it is close to singular.
The reader is referred to [10] for a detailed convergence proof and design method of the Newton-based ES. To summarize the dynamical system shown in Fig. 6 , the following equations are presented.
where
IV. RESULTS AND DISCUSSION
Simulations were carried out in order to demonstrate the effectiveness of the proposed controller to optimize the solar powered DCMD water desalination process. For this purpose, a realistic membrane parameters were used, as listed in Table  I The feed inlet temperature was designed to reflect a realistic but scaled down in time behavior of a solar powered DCMD setup on a regular day. The temperature profile is depicted in Fig. 7 shown as the dashed line. The permeate inlet temperature is kept constant through out the simulation at 20
• C. As the feed inlet temperature increase, the distilled water flux is optimized taking into account the feed and permeate inlet mass flow rates, as shown in Fig. 7 .
The ES dynamics takes about 50 seconds to converge to the optimal estimated inputθ as shown in Fig. 8 . After that, the controller tracks the peak of the objective function as it varies with the feed inlet temperature. As the temperature drops, the controller adjusts the inputs immediately.
To demonstrate the effectiveness of the proposed Newtonbased ES, the phase portrait ofθ 1 versus.θ 2 between time 450 to 500 seconds is shown in Fig. 9 . This time window was chosen to be before the feed inlet temperature stagnates at ≈ 75
• C, and thus the Hessian is almost constant approaching the end of the window. It is clear that the input goes straight to the optimum value rather than on a gradient descent like curve.
V. CONCLUSIONS
In this paper the optimization of the solar powered DCMD water desalination process was presented. The optimization problem was motivated in order to maximize the distilled water flux while minimizing the feed and permeate inlet mass flow rates, which are highly related to the energy being used to pump water. The multi variable Newton-based ES controller was proposed for real time optimization. A dynamic model of the process was used to carry out the simulation. The results shows that the controller was able to track the peak of the objective function as it varies depending on the feed inlet temperature. These results should be applicable for experimental validations. The objective function 
